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Aerodynamic Design of Axisymmetric Hypersonic

Wind-Tunnel Nozzles Using a Least-Squares/ Parabolized

Navier-Stokes Procedure

John J. Korte*
NASA Langley Research Center, Haimpton, Virginia 23665

A new procedure, which unifies the best of current classical design practices, computational fluid dynamics
(CFD), and optimization procedures, is demonstrated for designing the aerodynamic lines of hypersonic
wind-tunnel nozzles. The new procedure can be used to design wind-tunnel nozzles with thick boundary layers
where the classical design procedure has been shown to break down. An efficient CFD code, which solves the
parabolized Navier-Stokes (PNS) equations, is coupled to a least-squares (LS) optimization procedure. An LS
problem is formulated to minimize the difference between the computed flowfield and the objective function,
consisting of the centerline Mach number distribution and the exit Mach number and flow angle profiles. The
aerodynamic lines of the nozzle are defined using a cubic spline, the slopes of which are optimized with the
design procedure. The advantages of the new procedure are that it allows full use of CFD codes in the design
process, it can be used to design new nozzles or improve sections of existing nozzles, and it automatically
compensates the nozzle contour for viscous effects. The computed flowfield for a Mach 15 helium LS/PNS
designed nozzle is compared with the classically designed nozzle and demonstrates a significant improvement in
the flow expansion process and uniform core region. '

Nomenclature
a; = coefficients of cubic spline
f =least-squares error vector
S =component of f
I =index of f
i = grid index, axial direction
imax =total grid points, axial direction
J = Jacobian matrix
J =grid index, radial direction
k =least-squares iteration index
Mais = design axis Mach number
Miesien =test section design Mach number
M, = computed axial Mach number
m =number of components in f
N =total knots on the cubic spline
n =number of components in X
Obj =objective function
r; = original throat radius
X =design parameter vector
X; =component of X
X = axial coordinate
Xi-N = axial coordinate of spline knots
y =radial coordinate
Pw =nozzle wall radius
0 =flow angle, rad
wprsWpma,wg = Weighting factors
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Introduction

XISYMMETRIC wind tunnels have been used for the
last 30-40 years for simulating the hypersonic flight envi-

‘ronment. However, the flow quality of many of these nozzles

is not adequate for current research requirements, which now
include validating computational fluid dynamic (CFD) com-
puter codes. Efforts have been made to build and update
existing hypersonic facilities with new and improved nozzle
aerodynamic lines.!? The state of the art in the aerodynamic
design of wind-tunnel nozzles is still based on the procedure
proposed by Prandtl and Buseman® in 1929. This classical
procedure requires that the inviscid contour be designed using
the method of characteristics (MOC) and corrected with a
displacement thickness obtained from a boundary-layer (BL)
solution. Recent computational analysis* of hypersonic wind-
tunnel nozzles designed with the method of characteristic/
boundary-layer (MOC/BL) procedure, using solutions to the
Navier-Stokes (NS) equations, has shown severe limitations in
obtaining the desired flow quality and test conditions when the
boundary layer becomes a large percentage of the nozzle’s
diameter. The MOC/BL design procedure assumes that the
characteristics reflect at the location of the inviscid contour.
Candler arid Perkins® showed that, for large boundary layers,
typical of hypersonic wind-tunnel nozzles, the characteristics
reflect between the wall and the location of the inviscid con-
tour. Therefore, the actual characteristics of the nozzle lag the
characteristics used in the design procedure. In thick boundary
layers the actual characteristics are no longer properly can-
celed, and the flow quality of the nozzle deteriorates. In this
paper a design procedure that automatically avoids this effect
will be presented.

The classical theory used in the design procedure of super-
sonic wind tunnels can be found in a number of reports®'% and
books.!!-13 The basic assumption made is that the boundary
layer is small, compared to the characteristic length (nozzle
radius), so that the nozzle flowfield can be treated as inviscid
for designing the aerodynamic lines. Once the aerodynamic
lines are determined, a correction is made to account for the
displacement thickness of the boundary layer. This basic pro-
cedure has been applied successfully to both supersonic and
low Mach number hypersonic nozzles.
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The inviscid design procedure requires the position of the
sonic line at the throat, a prescribed centerline Mach number
or pressure distribution, and the condition of uniform flow at
the nozzle exit. Once a centerline Mach number distribution
has been specified, the MOC can be used to determine an
inviscid contour. This inviscid contour can be scaled to any
particular size. The design contour for one operating condi-
tion is determined by computing the displacement thickness
using a boundary-layer code and adding it to the inviscid
contour. Modern implementations of the MOC/BL design
procedure usually differ only on how the sonic line and center-
line Mach number distribution are specified and which numer-
ical technique is used to compute the inviscid flowfield and the
boundary-layer solution.

Recent designs of hypersonic wind-tunnel nozzles made
with the MOC/BL procedure have been evaluated using CFD
codes solving the NS equations.?*314 Attempts to improve the
resulting nozzle design using the CFD codes are difficult be-
cause of the computational time required to solve the NS
equations. and the trial and error process of changing the
contour. A mathematical procedure for correcting an existing
contour is given by Meyer and Holt,!S but no application of
this procedure to a wind-tunnel nozzle design has been docu-
mented. For modifying existing wind-tunnel complexes, spe-
cial design procedures may also be necessary for the newly
designed nozzle to mate with existing components. A special
CFD procedure! was recently developed to design a Mach 4
and a Mach 5 nozzle for the NASA Langley 8-Foot High
Temperature Tunnel. The new nozzles were designed in re-
verse, so that they would match with the exit portion of the
existing Mach 7 nozzle.

From the preceding discussion, it is clear that a new proce-
dure is needed for designing hypersonic nozzles that will pro-
duce high-quality, uniform flowfields in the test section. To
design the hypersonic nozzles for a uniform flowfield accu-
rately, the procedure must include the effects of the thick
boundary layer on the inviscid flowfield. In addition, it may
be necessary to include the effects of intermolecular forces,
vibrational, and chemical nonequilibrium on the test gas.
These effects will be included if the design procedure is based
on the solution of the parabolized Navier-Stokes (PNS) equa-
tions with the appropriate thermodynamic/chemical model
for the gas. ) )

The PNS equations are a subset of the NS equations, which
can be integrated using efficient space marching procedures.
These equations are obtained from the NS equations by ne-
glecting streamwise diffusion effects and a portion of the
subsonic streamwise pressure gradient. For many practical
flowfields, such as hypersonic nozzles, these approximations
are valid as long as streamwise separation does not occur. To
model the curvature of the nozzle contour accurately, a large
number of streamwise stations need to be computed, espe-
cially in the throat region. Previously, the cost associated with
using even a PNS solver in a design procedure would have
been prohibitive. With the increased use of supercomputers,
efficient and fast CFD solvers have been developed for the
PNS equations.'®!” The explicit upwind noniterative al-
gorithm for solving the PNS equations of Ref. 17 has been

~modified to solve internal axisymmetric flowfields. A typical
Mach 15 nozzle 130 in. long can be simulated using over
90,000 streamwise stations in under 90 s of Cray 2 CPU time.
A typical Mach 6 nozzle can be computed in 10s of Cray 2
CPU time. The use of this solver for the PNS equations has
made it practical to consider implementation of an iterative
CFD-based design procedure.

The use of CFD codes in design has usually been to provide
a direct analysis of the performance of existing or proposed
designs. Coupling CFD codes with design procedures has been
done for a number of limited applications. Most of these
applications have been used to improve a surface pressure
distribution over a wing or other simple surface. However,

these procedures were not general enough to handle a design

that would produce a desired flowfield away from the sur-
face. Recently, Huddleston!® developed a CFD optimization
method that is flexible enough to be used for designing nozzles
and other flow components. Huddleston’s optimization
method is based on minimizing an objective function by solv-
ing a nonlinear least-squares (L.S) problem that will result in
an optimal solution for a parametric description of a flow
surface. He has applied this method to both two- and three-di-
mensional nozzles and airfoils, coupled with both Euler and
NS flow solvers. However, he did not apply the method to a
flowfield that included a thick boundary-layer region or a
PNS flow solver. The disadvantage of this method is the
expense associated with computing sensitivity derivatives nec-
essary to solve the LS minimization problem. The advantage
of the method is that it is not limited to a particular configura-
tion or objective function.

In a previous paper the LS optimization procedure of Hud-
dleston was coupled to an efficient PNS solver and used for
optimizing existing hypersonic wind-tunnel contours.!® In the
LS/PNS procedure the aerodynamic contour was modeled by
use of a cubic spline. The design parameters were the radii at
fixed locations along the nozzle length. The objective function
was the error of Mach number and radial velocity in the
inviscid region of the nozzle exit. It was necessary to define the
initial value of the radii by matching as closely as possible the
original MOC/BL designed contour. Newton’s method was
then used to solve the LS problem. The results demonstrated
that an improved exit plane profile could be obtained. How-
ever, it was difficult to obtain good initial values of the design
parameters and to reach a strong minimum of the objective
function. Additional work is needed to improve the method so
that it can also be applied for designing wind-tunnel nozzles
with specified physical characteristics.

In this paper, the LS/PNS procedure is extended for use in
designing hypersonic wind-tunnel nozzles. A new form of the
objective function is given that defines the shape of the nozzle
by specifying the centerline Mach number distribution and the
uniform flow exit condition. The design parameters are modi-
fied to be the coefficients of the spline associated with the
local nozzle wall slope. The motivation for these two modifi-
cations resulted from an attempt to be consistent with the
constraints and design methodology used in the MOC/BL
design procedures. These two modifications greatly improved
the convergence of the optimization problem. The new proce-
dure is demonstrated by designing four helium nozzles. The
computed flowfield for the Mach 15 LS/PNS designed nozzles
is then compared with a MOC/BL designed nozzle. The ro-
bustness of the procedure is demonstrated by designing a
Mach 12 and a Mach 18 nozzle using the same starting contour
as that used in the Mach 15 design.

Aerodynamic Design Procedure for Hypersonic Nozzles

Assume that the shape of the subsonic and transonic con-
tours of the nozzle have been specified and that an NS solution
exists for these sections. An LS/PNS optimization procedure!®
is extended for designing the supersonic/hypersonic portion of
the nozzle. The details of the PNS solver can be found in Ref.
17. In this section a brief review of the LS/PNS optimization
procedure used in Ref. 19 will be presented, and the changes
developed for the application to the design of hypersonic
nozzles will be emphasized.

Objective Function

A nonlinear optimization problem is solved for a set of
design parameters by minimization of an objective function.
Consider the minimization of an objective function Obj that is
dependent on a set of design parameters X and is constructed
from a series of functions f; of the nonlinear LS form?°

Obj(X)=I§lf12(X) 6]
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It is convenient to define the vectors f and X as

f=Uto s ful” ¥))

X=[Xl, XZ’ LR Xn]T (3)

so that the objective function can be written as
0bj(X)=fT(X)f(X) @

For each particular minimization problem, there are a number
of different possibilities for the definition of f. It is desirable
that f be selected so that Obj has a strong minimum and
satisfies the design criteria. Recall that the MOC design proce-
dure requires the centerline Mach number M,;, and the condi-
tion of parallel flow at the design Mach number Mg, at the
nozzle exit. The same requirements are used here to form an
objective function. The components of f at the nozzle exit
associated with the error in axial Mach number M, and flow
angle 6 are

Jr=omMy,, .~ Macsigo) &)
Jr+1=@p(Oimax,j— 0) )

and along the centerline
Jrr2=wpa My, | — M) Q)

where wys, warq , and wy are weighting functions used to adjust
the relative tolerances between the different types of error
terms. The imax, j index identifies one of the grid points used
to evaluate f at the exit of the nozzle and the /, 1 index a point
on the nozzle centerline.

The selection of a centerline Mach number distribution
determines the overall length of the nozzle and the contour for
the initial expansion, which is somewhat arbitrary. However,
from a practical viewpoint, the initial expansion should
smoothly blend into the turning contour. If this is done, it is
more likely that the contours can be accurately machined.
Sivells® specified a Mach number distribution that matches
theoretical transonic conditions at the throat, conical-source
flow conditions through an intermediate region, and design
flow conditions at the nozzle exit. The advantage of Sivells’s
centerline distribution is that it smoothly matches the different
flow regions, eliminating discontinuous changes in contour
curvature. For the new design procedure, the centerline Mach
number distribution is specified using the method proposed by
Sivells. In Sivells’ method the centerline distribution consis-
ted of four sections: 1) a fourth-order polynomial between
the transonic section and the conical-source flow regime,
2) a source-flow region, 3) a fifth-order polynomial between

- the source-flow region and the parallel flow regime, and 4) the
parallel flow region at the design Mach number (Fig. 1). The
coefficients of the polynomials are determined by matching
the Mach number and its derivatives with respect to nozzle
length, at the beginning and end of each section. Sivells gave
equations for the derivatives of the source-flow regime, the
derivatives at the nozzle sonic line using a transonic series
solution, nozzle length, and expressions for determining the
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Ifig. 1 Design centerline Mach number distribution.

transition Mach number where the different sections should
start. Unfortunately, these relationships are limited to an ideal
gas. Sivells’ equations are used for defining the centerline
Mach number distribution since our current nozzle designs are
for helium, which can be accurately modeled as an ideal gas
over the temperature and pressure ranges used herein. How-
ever, since an NS solution is computed for the transonic
section, these derivatives could be calculated directly from the
numerical results. The derivatives necessary for the source-
flow region could also be easily computed directly, using the
same gas model as that used in the CFD code.

Design Parameters

Like the objective function, the selection of the design
parameters depends on the problem being solved. The ideal set
would contain the minimum number of elements and be
strongly coupled to the objective function. The design
parameters are usually coefficients used to define a wall
boundary or quantities that define the flowfield conditions.
For the design of a nozzle the flow conditions are usually
given, and the wall contour needs to be determined.

Wall Contour

For a contoured nozzle there is no obvious choice of a
function to describe the geometry that would minimize the
number of design parameters. A contoured nozzle can have an
arbitrary expansion up to the inflection point. After the inflec-
tion point the nozzle contour is determined so that the proper
wave cancellation occurs and parallel flow is obtained at the
exit of the nozzle. Many contoured nozzles have a curvature
discontinuity at the inflection point, i.e., the second derivative
is not continuous. In Ref. 19 a cubic spline with five knots was
used to model the contoured nozzle. The total number of
knots on the spline and the design parameters necessary for
defining the contoured nozzle depend on how accurately the
design problem is to be determined. The selection of the
number of knots and design parameters will be discussed later
in this section. The nozzle contour is specified using N cubic
polynomial equations:

0<x=<x, {r=ap+ax + ax?+ asx?

xn<x=x? {r=as+asx +agx?+am;x?

XN 1 <X =<XNn
{r=aun_s+Qun_3X + Qun_oX2 + aun_ 1?3 ®

The N cubic equations result in 4N coefficients, assuming that
the locations x; through xy are known. The requirement of
continuity of the surface, slope, and curvature at x; through
Xy specifies 3(V— 1) of the coefficients. The remaining N + 3
coefficients are specified by using the inlet and exit radii and
slopes and by specifying the slope at N — 1 locations. Once the
aforementioned constants are defined, a linear system of
equations are solved to determine the value of the coefficients
Qo—a4N—1.

Selection of Design Parameters

In Ref. 19, selected radii at locations x; through xy were
used as design parameters. Recall that in the MOC procedure
the wall is determined by the slope necessary to turn the flow
in the correct direction. The use of wall slopes as design
parameters instead of radii is more consistent with the physics
of supersonic flowfields. The adoption of a slope-based design
parameter greatly improved the convergence of the design
procedure. The design parameters used are the coefficients in
Eq. (8) for as, a, . . ., asy_3, which represent the slopes at
points X, X3, . . ., Xy—;. In addition to these, other control
parameters were used, depending on the constraints necessary
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for a particular nozzle design. Typical constraints may be
fixed length, nozzle throat, or nozzle exit.

Number of Knots on the Cubic Spline

Determining the number of knots on the cubic spline and the
location of the control points x; through xy is an ad hoc
process. The procedure adopted is that a preliminary design is
made using the predetermined centerline Mach number distri-
bution and then knots and design parameters are added until
a converged solution is obtained that satisfies the design re-
quirements.

Nonlinear Optimization by Solving an LS Problem

Now that an objective function and the design parameters
have been defined, the problem of minimizing Eq. (4) has to
be addressed. Recall that Obj(X) will have a minimum value
when its gradient is zero. Newton’s method for nonlinear least
squares can be written directly as

I TebdXy = ~ Jifx )
where the design parameters are updated by
Xk+l =Xk +AXk (10)

This is the small residual problem form of the LS problem.
For additional information on methods for solving Eq. (9) for
both small and large residual problems, see the text by
Scales.20

Sensitivity Derivatives

The sensitivity derivatives are the elements of the Jacobian
matrix J. The calculation of the sensitivity derivatives is the
most expensive part of the optimization procedure. Each ele-
ment of the Jacobian matrix requires a separate PNS flow-
field solution. The elements of the Jacobian matrix are ap-
proximated using forward finite differences:

Afr _fAX + AX)) = fX)
X, AX;

11

The accuracy of the difference approximation is dependent on
both the size of AX; and the flowfield solution. The Jacobian
elements in this study were computed by specifying AX; to be
X; * 10768,

Updating the Jacobian Matrix

The expensive portion of the preceding algorithm is the
determination of the elements of the Jacobian matrix. One
evaluation of the objective function Obj(X) is needed for each
element of X. If X contains n elements, then each iteration
requires 7 + 1 functional evaluations or flowfield solutions.
An alternate method to numerically computing the Jacobian
matrix would be to use an analytic update formula such as
Broyden’s.2? Previously, our attempts to use Broyden’s update
formula when the design parameters were the radii were un-
successful.!® However, after we switched to the slope-based
design parameters, we successfully used Broyden’s update for-
mula. : )

Application of the LS/PNS Design Procedure

To demonstrate the new procedure, three helium nozzle
aerolines are designed. The nozzles are required to have an exit
radius of 10.44 in. and a total length of 125 in. The design
contour is to be computed for a stagnation flow condition of
1500 psi and 530°R. The wall temperature can be assumed to
be constant at 530°R, and the flow can be assumed to be
turbulent. The design exit conditions for the Mach 15 flow-
field are a 47% core flow, with a goal of less than +2%
variation in static pressure and less than 0.287 deg variation in
flow angle (0.5% of axial velocity). This particular nozzle was

selected because a MOC/BL design had been made for Mach
15 that failed to meet these design requirements (when evalu-
ated with a NS code). The same starting contour will then be
used to design a Mach 12 and a Mach 18 nozzle using the same
constraints to demonstrate the robustness of the method.

The hypersonic portion of the nozzle flowfield is computed
by use of an axisymmetric version of the explicit upwind PNS
solver of Ref. 17. The subsonic and transonic flowfield of the
nozzle is computed only once with the Navier-Stokes equa-
tions using an axisymmetric version of NASCRIN?!, The flow-
field is assumed to be turbulent and is simulated by use of the
Baldwin and Lomax?? eddy viscosity model. The radial direc-
tion is discretized using 50 points, with point clustering at both
the wall and the nozzle axis. The total number of streamwise
stations was ~ 90,000. The computer runs were made on
Langley’s Cray 2 supercomputer. .

The first iteration of the design procedure is started by
forming the elements of the Jacobian matrix numerically and
then solving the nonlinear LS problem. For the second itera-
tion the elements are updated with Broyden’s method. Broy-
den’s update procedure is used until there is no longer any
improvement in the convergence of the objective function
toward a minimum. The elements are then recomputed numer-
ically, and the procedure continues until either the desired
design performance or a minimum is obtained.

. Design Parameters

The aerodynamic lines are modeled using 15 knots on a
cubic spline. The initial values of the spline coefficients are
obtained from evaluating the slope at the selected locations of
the MOC/BL designed nozzle contour and are shown in Table
1. The number and location of the knots were selected so that
changes in the slope of the aerodynamic lines would be accu-
rately represented (Fig. 2). The initial values do not have to
come from a MOC/BL design, but should represent a shape
similar to a nozzle. This is demonstrated when the initial
values obtained for a Mach 15 design are used to design a
Mach 12 and Mach 18 nozzle. A total of 15 design parameters
are used in the optimization procedure. The first design pa-
rameter is the initial throat radius r, = 0.61324 in. The wall
slopes dy,./dx at indexes 2-15 are the next 14 design parame-
ters. The locations of the knots are held constant.

Table 1 Initial values of cubic spline
slopes for helium nozzle

Index X, in. dyw/dx
1 0.00000 0.00000
2 0.57757 0.08062
3 1.17757 0.13214
4 1.67757 0.16226
5 2.47757 0.18155
6 3.57757 0.19470
7 7.87757 0.19810
8 10.0777 0.18444
9 13.0776 0.16740

10 19.0776 0.14000
11 31.0776 0.10530
12 55.0776 0.06850
13 80.0776 0.04810
14 102.0776 0.03590
15 125.6600 0.02683
0.20
— Cubic spline

0.15

Knot locatlon

0.10

Wall slope

0 40 80 120 160 200
Distance from nozzle throat, x/r,.

Fig.2 Wall slope computed using a cubic spline.
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Objective Function

The objective function consists of an array of 148 elements.
The first 100 elements are the centerline Mach number errors,
evenly spaced over the nozzle length; the next 24 elements are
the exit core Mach number profile errors; and the final 24
elements are the exit core flow angle errors. The 24 elements
used in the exit core are from the nozzle centerline to halfway
across the exit radius, since a 47% core flow is desired. The
weighting factors used are

Wy = I'O/Mdesign:

wra = 1.0/ My, wp=1.0/0.2

The centerline Mach number distribution is computed using
Sivells’ formula by fixing the Mach number at points E, B,
and C to be 2.3, 12, and 15, respectively (see Fig. 1) for the
Mach 15 design cases. The source-flow region is computed for
a conical half-angle of 12 deg. The ratio of the radius of
curvature to the nozzle radius at the throat is 9 (used in
computing the transonic Mach number distribution). The
equations for computing the centerline distribution and rec-
ommendations for values of the coefficients can be found in
Sivells’ feport.? This centerline distribution will result in a
uniform flow region of ~ 9.8 in. (47% of nozzle exit diameter)
at the nozzle exit. The length of the uniform flow region was
multiplied by the tangent of the Mach angle to estimate the
uniform flow region. Note that this is a cutoff contour, in that
the nozzle length is less than it would be if the inviscid uniform
flow region had been fully expanded to the design Mach
number. This is common practice in hypersonic nozzles, where
so much of the profile is part of the boundary layer.!!

Design Logic

Since the significant viscous effects occur in the supersonic/
hypersonic section of the nozzle, an approximate procedure is
used at the throat. When the throat radius is a design parame-
ter, the initial Navier-Stokes solution is scaled to a new throat
radius after each iteration. Once the design parameters have
converged, a new Navier-Stokes solution is computed in the
upstream subsonic and transonic section. Since the boundary
layer is extremely thin at the throat, one would expect only
small differences between the approximate procedure and the
new NS solution for the subsonic and transonic section in the
inviscid core. The accuracy of this approximation will be
investigated in the future by rerunning the subsonic and tran-
sonic section with the newly designed contour and recomput-
ing the supersonic/hypersonic region with the new initial con-
ditions.

Design for a Fixed Length and Exit Radius

The nozzle throat and the slope at 14 points are used as the
design parameters. The objective function for the Mach 15
design is reduced two orders of magnitude (Fig. 3) from the
initial guess. The change in the contour over the MOC/BL
design is hardly noticeable (Fig. 4). To compare differences in
nozzle performance, a CFD solution was computed for the
MOC/BL designed nozzle using the same CFD codes and
subsonic/transonic solution to start the PNS calculation.
However, significant differences are demonstrated between

their flowfield solutions. The centerline Mach number almost
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Fig.3 Reduction of objective function for Mach 15 design.
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Fig. 7 Nozzle exit pressure profiles.

exactly follows the specified centerline distribution (Fig. 5).
The error in Mach number should be less than +0.06 Mach to
obtain a uniform profile with less than 2% error in static
pressure. The centerline variation of Mach number for the
MOC/BL design in the uniform core region is excessive,
greater than +1.0 Mach (+30% static pressure variation).
The LS/PNS variation of centerline Mach number was less
than x0.06 for most of the uniform core region, with a small
region almost reaching a variation of +0.10 Mach (£3%
variation in static pressure) near the beginning of the uniform
core region. The LS/PNS design exit profiles for Mach num-
ber (Fig. 6), static pressure (Fig. 7, pressure nondimensional-
ized by the dynamic pressure at Mach 1), and flow angle (Fig.
8) show very good agreement with the design conditions and
demonstrate that the flow is much better than the design goal
at the nozzle exit. In addition, the uniform core at the exit
extends over ~13.5 in., significantly greater than the 47%
goal. The advantage of the LS/PNS design can clearly be seen
in the Mach number contour plot (Fig. 9). Each contour level
represents an increment of 0.2 Mach number (+3% static
pressure variation). A constant uniform core flow region and
a smooth expansion region are demonstrated by the LS/PNS
design, which is not obtainable with the MOC/BL design.
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These results clearly demonstrate the capability of the new
procedure. However, the LS/PNS design could still be im-
proved by using more design parameters and knots on the
cubic spline, a better distribution of the location of the knots,
or a different distribution and weight functions used in defin-
ing the objective function. )

To demonstrate the robustness of the procedure, Mach 12
and Mach 18 nozzles were designed using the same starting

contour defined by the coefficients in Table 1. This was ac-

complished by redefining the objective function for the expan-
sion region and nozzle exit. For the Mach 12 case the center-
line Mach number distribution was modified so that the Mach
numbers at points B and C of Fig. 1 were 9 and 12, respec-
tively. The source-flow region for the Mach 12 nozzle design
was generated assuming 8-deg source flow. The centerline
Mach number distribution and the exit Mach number profile
are shown in Figs. 10 and 11. Excellent agreement is obtained
with the design Mach numbers. The slight dropoff of Mach
number shown in the Mach number profile is because the
uniform core region only extends to y/r, = 8.3 at this location.

For the Mach 18 case only the centerline Mach number
distribution was modified, so that the Mach numbers at points
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Fig. 12 Comparison of specified and computed centerline Mach
number distribution for Mach 18 design.
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Fig. 13 Comparison of Mach exit profile with design Mach number,
Mach 18 design.

B and C of Fig. 1 were 15 and 18, respectively. The centerline
Mach number distribution and the exit Mach number profile
are shown in Figs. 12 and 13. In this case the centerline Mach
number distribution has a slight osciilation at the beginning of
the uniform core region. An improved solution could be ob-
tained by adding or moving the location of the design parame-

‘ters or by decreasing the angle at which the flow is expanded
_in the source-flow region. The uniform core region extends to

approximately y/r; =7.2 at the exit of the nozzle. The Mach
number profile in this region, again, agrees with the design
Mach number. It is obvious that the domain of the objective
function could be extended at the exit to include more of the
inviscid core. This would force a smaller throat to be used,
resulting in a larger uniform core region for the same nozzle
length.

Concluding Remarks

A new procedure that unifies the best of current classical
design practices, CFD, and optimization procedures has been
demonstrated for designing the aerodynamic lines of hyper-
sonic wind-tunnel nozzles. An efficient CFD code, which
solves the PNS equations, was coupled to an LS optimization
procedure. An LS problem was formulated to minimize the
difference between the computed flowfield and the objective
function. The objective function consists of the centerline
Mach number distribution and the exit Mach number and
radial velocity profiles. The aerodynamic lines of the nozzle
were defined using cubic splines, the slopes of which were
optimized with the design procedure. The use of slopes at the
specified control points as the design parameters improved the
convergence characteristics of the design procedure and is
consistent with design methods used with the MOC. The new
procedure can be used to design hypersonic wind-tunnel noz-
zles where the classical procedure has been shown to break
down. An advantage of the new procedure is that it automat-
ically compensates the nozzle contour for viscous effects as
part of the unified design procedure. The new procedure was
demonstrated by designing three different helium nozzles.
Mach 12, Mach 15, and Mach 18 nozzles were designed for a
fixed length and exit radius. The computed flowfield for the
Mach 15 LS/PNS-designed nozzles demonstrated a significant
improvement over the classical MOC/BL designed nozzle.
The design of the Mach 12 and Mach 18 nozzles demonstrated
the robustness of the procedure by using the same starting
contour as the Mach 15 design.
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The new design procedure makes it practical to design high-
-Mach-number hypersonic wind-tunnel nozzles using CFD
codes. The nozzle designer will have to specify initial and
boundary conditions, centerline Mach number distribution,
number and location of cubic splines, design constraints, and
select a turbulence model for use in the calculations. However,
once these conditions are specified, a design can be made with
this procedure to satisfy most practical requirements.
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